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• 時常我們會需要用到兩個獨立的隨機變數相加的機率分配，譬如說
現在有兩個隨機變數: 𝑋與𝑌。我們需要計算𝑋 + 𝑌的𝑐. 𝑑. 𝑓.就可以從
它們各自的𝑝. 𝑑. 𝑓. (𝑓𝑋 𝑎𝑛𝑑 𝑓𝑌)計算得知:

𝐹𝑋+𝑌 𝑎 = 𝑃 𝑋 + 𝑌 ≤ 𝑎 =ඵ
𝑥+𝑦≤𝑎

𝑓𝑋 𝑥 𝑓𝑌 𝑦 𝑑𝑥𝑑𝑦

= න
−∞

∞

න
−∞

𝑎−𝑦

𝑓𝑋 𝑥 𝑓𝑌 𝑦 𝑑𝑥𝑑𝑦 = න
−∞

∞

න
−∞

𝑎−𝑦

𝑓𝑋 𝑥 𝑑𝑥𝑓𝑌 𝑦 𝑑𝑦

= න
−∞

∞

𝐹𝑋 𝑎 − 𝑦 𝑓𝑌 𝑦 𝑑𝑦

𝐹𝑋+𝑌的𝑐. 𝑑. 𝑓.其實也就是𝐹𝑋與𝐹𝑌的convolution。
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Differentiation both side,

𝑓𝑋+𝑌 𝑎 =
𝑎

𝑑𝑎
න
−∞

∞

𝐹𝑋 𝑎 − 𝑦 𝑓𝑌 𝑦 𝑑𝑦 = න
−∞

∞ 𝑑

𝑑𝑎
𝐹𝑋 𝑎 − 𝑦 𝑓𝑌 𝑦 𝑑𝑦

= න
−∞

∞

𝑓𝑋 𝑎 − 𝑦 𝑓𝑌 𝑦 𝑑𝑦
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• 範例一

如果𝑋與𝑌為獨立隨機變數且值域uniformly distributed on (0,1)，試問
𝑋 + 𝑌的𝑝. 𝑑. 𝑓.。

Solution:

Let 𝑓𝑋 and 𝑓𝑌 are the 𝑝. 𝑑. 𝑓. of 𝑋 and 𝑌, respectively. Let 𝑍 = 𝑋 + 𝑌.

𝑓𝑍 𝑧 = න
−∞

∞

𝑓𝑋 𝑥 𝑓𝑌 𝑧 − 𝑥 𝑑𝑥 ,𝑤ℎ𝑒𝑟𝑒 0 < 𝑥 < 1 𝑎𝑛𝑑 0 < 𝑧 − 𝑥 < 1

𝑓𝑍 𝑧 = 0, 𝑓𝑜𝑟 𝑧 < 0 𝑎𝑛𝑑 𝑧 ≥ 2; 𝑖𝑛 𝑜𝑡ℎ𝑒𝑟 𝑤𝑜𝑟𝑑𝑠, 0 < 𝑧 < 2
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𝟏 𝑪𝒂𝒔𝒆 𝟏: 𝟎 < 𝒛 ≤ 𝟏, 𝒇𝑿 𝒙 𝒇𝒀 𝒛 − 𝒙

𝑓𝑍 𝑧 = න
−∞

∞

𝑓𝑋 𝑥 𝑓𝑌 𝑧 − 𝑥 𝑑𝑥

𝑇𝑜 𝑐𝑜𝑛𝑓𝑖𝑟𝑚 𝑓𝑌 𝑧 − 𝑥 = 1,𝑤𝑒 𝑛𝑒𝑒𝑑 𝑧 − 𝑥 ≥ 0 ⇒ 𝑥 ≤ 𝑧

න
0

𝑧

1𝑑𝑥 = 𝑧 ; 𝑓𝑍 𝑧 = 𝑧, 𝑓𝑜𝑟 0 < 𝑧 ≤ 1

𝟐 𝑪𝒂𝒔𝒆 𝟐: 𝟏 < 𝒛 < 𝟐
𝑇𝑜 𝑐𝑜𝑛𝑓𝑖𝑟𝑚 𝑓𝑌 𝑧 − 𝑥 = 1,𝑤𝑒 𝑛𝑒𝑒𝑑 𝑧 − 𝑥 ≤ 1 ⇒ 𝑥 ≥ 𝑧 − 1

න
𝑧−1

1

1𝑑𝑥 = 2 − 𝑧 ; 𝑓𝑍 𝑧 = 2 − 𝑧, 𝑓𝑜𝑟 1 < 𝑧 < 2
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As a result,

𝑓𝑍 𝑧 = 𝑓𝑋+𝑌 𝑧 = ቐ
𝑧, 0 ≤ 𝑧 ≤ 1

2 − 𝑧, 1 < 𝑧 < 2
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

Because of the shape of 𝑝. 𝑑. 𝑓., the random variable of 𝑋 + 𝑌 is a 

𝑡𝑟𝑖𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛.
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假設𝑋1, 𝑋2, … , 𝑋𝑛為independent uniform random variable，使得
𝐹𝑛(𝑥) = 𝑃{𝑋1 +⋯+ 𝑋𝑛 ≤ 𝑥}

雖然𝐹𝑛(𝑥)的general form非常難表示，不過𝑥 ≤ 1的時候，就可以
用mathematical induction得到

𝐹𝑛 𝑥 =
𝑥𝑛

𝑛!
, 0 ≤ 𝑥 ≤ 1

已知𝑛 = 1是正確的，假設

𝐹𝑛−1 𝑥 =
𝑥𝑛−1

𝑛 − 1 !
, 0 ≤ 𝑥 ≤ 1

7
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於是就可以表示成



𝑖=1

𝑛

𝑋𝑖 = 

𝑖=1

𝑛−1

𝑋𝑖 + 𝑋𝑛, 𝑋𝑖 𝑖𝑠 𝑛𝑜𝑛𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒, 𝑤ℎ𝑒𝑟𝑒 0 ≤ 𝑥 ≤ 1

𝐹𝑛 𝑥 = න
0

1

𝐹𝑛−1 𝑥 − 𝑦 𝑓𝑋𝑛 𝑦 𝑑𝑦 =
1

𝑛 − 1 !
න
0

𝑥

𝑥 − 𝑦 𝑛−1𝑑𝑦 =
𝑥𝑛

𝑛!

8
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𝑓𝑜𝑟 𝑛 = 1, 𝑋 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑎 𝑢𝑛𝑖𝑓𝑜𝑟𝑚 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛

𝑓𝑋 𝑥 = ቊ
1 0 ≤ 𝑥 ≤ 1
0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝑓𝑜𝑟 𝑛 = 2, 𝑋 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑎 𝑡𝑟𝑖𝑎𝑛𝑔𝑢𝑙𝑎𝑟 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛

𝑓𝑋 𝑥 = ቊ
𝑥 0 ≤ 𝑥 ≤ 1

2 − 𝑥 1 ≤ 𝑥 ≤ 2

𝑓𝑜𝑟 𝑛 = 3,

𝑓𝑋 𝑥 =

1

2
𝑥2 0 ≤ 𝑥 ≤ 1

1

2
(−2𝑥2 + 6𝑥 − 3)

1

2
3 − 𝑥 2

1 ≤ 𝑥 ≤ 2

2 ≤ 𝑥 ≤ 3



𝑓𝑜𝑟 𝑛 = 4,

𝑓𝑋 𝑥 =

1

6
𝑥3 0 ≤ 𝑥 ≤ 1

1

6
(−3𝑥3 + 12𝑥2 − 12𝑥 + 4)

1

6
(3𝑥3 − 24𝑥2 + 60𝑥 − 44)

1

6
4 − 𝑥 3

1 ≤ 𝑥 ≤ 2

2 ≤ 𝑥 ≤ 3

3 ≤ 𝑥 ≤ 4
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𝑓𝑜𝑟 𝑛 = 5,

𝑓𝑋 𝑥 =

1

24
𝑥4 0 ≤ 𝑥 ≤ 1

1

24
(−4𝑥4 + 20𝑥3 − 30𝑥2 + 20𝑥 − 5)

1

24
(6𝑥4 − 60𝑥3 + 210𝑥2 − 300𝑥 + 155)

1

24
−4𝑥4 + 60𝑥3 − 330𝑥2 + 780𝑥 − 655 3

1

24
5 − 𝑥 4

1 ≤ 𝑥 ≤ 2

2 ≤ 𝑥 ≤ 3

3 ≤ 𝑥 ≤ 4

4 ≤ 𝑥 ≤ 5
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Proposition 1

If 𝑋𝑖, 𝑖 = 1,… , 𝑛, are independent random variables that are normally

distributed with respective parameters 𝜇𝑖 , 𝜎𝑖
2, 𝑖 = 1,… , 𝑛 , then

σ𝑖=1
𝑛 𝑋𝑖 is normally distributed with parameters σ𝑖=1

𝑛 𝜇𝑖 and σ𝑖=1
𝑛 𝜎𝑖

2.

Proof:

Let 𝑋 and 𝑌 be independent normal random variables with 𝑋 having

mean 0 and variance 𝜎2 and 𝑌 having mean 0 and variance 1. We

will determine the density function of 𝑋 + 𝑌 by utilizing 𝑓𝑋+𝑌 𝑎 =


−∞

∞
𝑓𝑋 𝑎 − 𝑦 𝑓𝑌 𝑦 𝑑𝑦.

11
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For independent random variables 𝑋 and 𝑌, the distribution 𝑓𝑍 of 
𝑍 = 𝑋 + 𝑌 equals the convolution of 𝑓𝑋 and 𝑓𝑌:

𝑓𝑍 𝑧 = න
−∞

∞

𝑓𝑌 𝑧 − 𝑥 𝑓𝑋 𝑥 𝑑𝑥

Given that 𝑓𝑋 and 𝑓𝑌 are normal densities,

𝑓𝑋 𝑥 = 𝒩 𝑥; 𝜇𝑋, 𝜎𝑋
2 =

1

𝜎𝑋 2𝜋
exp −

𝑥 − 𝜇𝑋
2

2𝜎𝑋
2

𝑓𝑌 𝑦 = 𝒩 𝑦; 𝜇𝑌, 𝜎𝑌
2 =

1

𝜎𝑌 2𝜋
exp −

𝑦 − 𝜇𝑌
2

2𝜎𝑌
2
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𝑓𝑍 𝑧 = න
−∞

∞ 1

𝜎𝑌 2𝜋
exp −

𝑧 − 𝑥 − 𝜇𝑌
2

2𝜎𝑌
2

1

𝜎𝑋 2𝜋
exp −

𝑥 − 𝜇𝑋
2

2𝜎𝑋
2 𝑑𝑥

= න
−∞

∞ 1

𝜎𝑋 2𝜋𝜎𝑌 2𝜋
exp −

𝜎𝑋
2 𝑧 − 𝑥 − 𝜇𝑌

2 + 𝜎𝑌
2 𝑥 − 𝜇𝑋

2

2𝜎𝑋
2𝜎𝑌

2 𝑑𝑥

= න
∞

∞ 1

𝜎𝑋 2𝜋𝜎𝑌 2𝜋
exp −

𝜎𝑋
2 𝑧2 + 𝑥2 + 𝜇𝑌

2 − 2𝑥𝑧 − 2𝑧𝜇𝑌 + 2𝑥𝜇𝑌 + 𝜎𝑌
2 𝑥2 + 𝜇𝑋

2 − 2𝑥𝜇𝑋

2𝜎𝑋
2𝜎𝑌

2 𝑑𝑥

= න
∞

∞ 1

𝜎𝑋 2𝜋𝜎𝑌 2𝜋
exp −

𝑥2(𝜎𝑋
2 + 𝜎𝑌

2) − 2𝑥 𝜎𝑋
2 𝑧 − 𝜇𝑌 + 𝜎𝑌

2𝜇𝑋 + 𝜎𝑋
2 𝑧2 + 𝜇𝑌

2 − 2𝑧𝜇𝑌 + 𝜎𝑌
2𝜇𝑋

2

2𝜎𝑋
2𝜎𝑌

2 𝑑𝑥

Let 𝜎𝑍 = 𝜎𝑋
2 + 𝜎𝑌

2

𝑓𝑍 𝑧 = න
−∞

∞ 1

𝜎𝑧 2𝜋

1
𝜎𝑋𝜎𝑌
𝜎𝑍

2𝜋
exp −

𝑥2 𝜎𝑍
2

𝜎𝑍
2 − 2𝑥

𝜎𝑋
2 𝑧 − 𝜇𝑌 + 𝜎𝑌

2𝜇𝑋
𝜎𝑍
2 +

𝜎𝑋
2 𝑧2 + 𝜇𝑌

2 − 2𝑧𝜇𝑌 + 𝜎𝑌
2𝜇𝑋

2

𝜎𝑍
2

2
𝜎𝑋𝜎𝑌
𝜎𝑍

2 𝑑𝑥
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𝑓𝑍 𝑧 = න
−∞

∞ 1

𝜎𝑧 2𝜋

1
𝜎𝑋𝜎𝑌
𝜎𝑍

2𝜋
exp −

𝑥2 − 2𝑥
𝜎𝑋
2 𝑧 − 𝜇𝑌 + 𝜎𝑌

2𝜇𝑋
𝜎𝑍
2 +

𝜎𝑋
2 𝑧2 + 𝜇𝑌

2 − 2𝑧𝜇𝑌 + 𝜎𝑌
2𝜇𝑋

2

𝜎𝑍
2

2
𝜎𝑋𝜎𝑌
𝜎𝑍

2 𝑑𝑥

= න
−∞

∞ 1

𝜎𝑧 2𝜋

1
𝜎𝑋𝜎𝑌
𝜎𝑍

2𝜋
exp −

𝑥 −
𝜎𝑋
2 𝑧 − 𝜇𝑌 + 𝜎𝑌

2𝜇𝑋
𝜎𝑍
2

2

−
𝜎𝑋
2 𝑧 − 𝜇𝑌 + 𝜎𝑌

2𝜇𝑋
𝜎𝑍
2

2

+
𝜎𝑋
2 𝑧2 + 𝜇𝑌

2 − 2𝑧𝜇𝑌 + 𝜎𝑌
2𝜇𝑋

2

𝜎𝑍
2

2
𝜎𝑋𝜎𝑌
𝜎𝑍

2 𝑑𝑥

= න
−∞

∞ 1

𝜎𝑧 2𝜋
exp −

− 𝜎𝑋
2 𝑧 − 𝜇𝑌 + 𝜎𝑌

2𝜇𝑋
2 + 𝜎𝑍

2 𝜎𝑋
2 𝑧2 + 𝜇𝑌

2 − 2𝑧𝜇𝑌 + 𝜎𝑌
2𝜇𝑋

2

2𝜎𝑍
2 𝜎𝑋𝜎𝑌

2

1
𝜎𝑋𝜎𝑌
𝜎𝑍

2𝜋
exp

𝑥 −
𝜎𝑋
2 𝑧 − 𝜇𝑌 + 𝜎𝑌

2𝜇𝑋
𝜎𝑍
2

2

2
𝜎𝑋𝜎𝑌
𝜎𝑍

2 𝑑𝑥

=
1

𝜎𝑍 2𝜋
exp −

𝑧 − 𝜇𝑋 + 𝜇𝑌
2

2𝜎𝑍
2 න

−∞

∞ 1
𝜎𝑋𝜎𝑌
𝜎𝑍

2𝜋
exp

𝑥 −
𝜎𝑋
2 𝑧 − 𝜇𝑌 + 𝜎𝑌

2𝜇𝑋
𝜎𝑍
2

2

2
𝜎𝑋𝜎𝑌
𝜎𝑍

2 𝑑𝑥
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𝑓𝑍 𝑧 =
1

𝜎𝑍 2𝜋
exp −

𝑧 − 𝜇𝑋 + 𝜇𝑌
2

2𝜎𝑍
2 න

−∞

∞ 1
𝜎𝑋𝜎𝑌
𝜎𝑍

2𝜋
exp

𝑥 −
𝜎𝑋
2 𝑧 − 𝜇𝑌 + 𝜎𝑌

2𝜇𝑋
𝜎𝑍
2

2

2
𝜎𝑋𝜎𝑌
𝜎𝑍

2 𝑑𝑥

The expression in the integral is a normal density distribution on 𝑥, and so the integral 

evaluates to 1. Therefore, …

𝑓𝑍 𝑧 =
1

𝜎𝑍 2𝜋
exp −

𝑧 − 𝜇𝑋 + 𝜇𝑌
2

2𝜎𝑍
2
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• 範例二

假設籃球比賽一季有44場比賽: 26場與一級球隊比賽；18場與二級
球隊比賽。假設與一級球隊比賽的勝率為0.4，而與二級球隊比賽
的勝率為0.7，而每一場比賽接為獨立事件，則:

(1)某一球隊贏25場的機率為何?

(2)某一球隊贏一級球隊多於二級球隊的機率為何?

16
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Solution:

(1)某一球隊贏25場的機率為何?

令𝑋𝐴與𝑋𝐵分別為贏一級球隊與二級球隊的比賽場數，且𝑋𝐴與𝑋𝐵為
independent binomial random variable。

𝐸 𝑋𝐴 = 26 × 0.4 = 10.4; 𝑉𝑎𝑟 𝑋𝐴 = 26 × 0.4 × 0.6 = 6.24
𝐸 𝑋𝐵 = 18 × 0.7 = 12.6; 𝑉𝑎𝑟 𝑋𝐵 = 18 × 0.7 × 0.3 = 3.78

此時，我們可以用normal approximation來逼近binomial，𝑋𝐴與𝑋𝐵
會逼近normal distribution相同參數(𝜇, 𝜎2)的分布。

依據Proposition 1可以得知，𝑋𝐴 + 𝑋𝐵所逼近的常態分配參數為
(𝜇 = 10.4 + 12.6 = 23, 𝜎2 = 6.24 + 3.78 = 10.02) 17
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𝑃 𝑋𝐴 + 𝑋𝐵 ≥ 25 = 𝑃 𝑋𝐴 + 𝑋𝐵 ≥ 24.5

= 𝑃
𝑋𝐴 + 𝑋𝐵 − 23

10.02
≥
24.5 − 23

10.02
≈ 𝑃 𝑍 ≥

1.5

10.02

≈ 1 − 𝑃 𝑍 < 0.4739 ≈ 0.3178

18
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(2)某一球隊贏一級球隊多於二級球隊的機率為何?

此提要求的就是 𝑃 𝑋𝐴 − 𝑋𝐵 ≥ 1 ，對於 𝑋𝐴 − 𝑋𝐵 來說，其 normal
distribution 的 參 數 為 (𝜇 = 10.4 − 12.6 = −2.2, 𝜎2 = 6.24 + 3.78 =
10.02)

∵ 𝑉𝑎𝑟 𝑋 − 𝑌 = 𝑉𝑎𝑟 𝑋 + −𝑌 = 𝑉𝑎𝑟 𝑋 + 𝑉𝑎𝑟 −𝑌 ,

𝑠𝑖𝑛𝑐𝑒 𝑉𝑎𝑟 −𝑌 = 𝑉𝑎𝑟 𝑌
∴ 𝑉𝑎𝑟 𝑋 − 𝑌 = 𝑉𝑎𝑟 𝑋 + 𝑉𝑎𝑟(𝑌)
𝑃 𝑋𝐴 − 𝑋𝐵 ≥ 1 = 𝑃 𝑋𝐴 + 𝑋𝐵 ≥ 0.5

= 𝑃
𝑋𝐴 − 𝑋𝐵 − (−2.2)

10.02
≥
0.5 − (−2.2)

10.02
≈ 𝑃 𝑍 ≥

2.7

10.02
≈ 1 − 𝑃 𝑍 < 0.8530 ≈ 0.1968 19
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如果log(𝑌)為一個normal random variable (𝜇, 𝜎2)，則𝑌就可以被

定義為一個lognormal random variable (𝜇, 𝜎)。𝑌可以被表示為

𝑌 = 𝑒𝑋

where 𝑋 is a normal random variable

20
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• 範例三

從某個固定時間開始，令𝑆(𝑛)表示在 𝑛 週結束時某種證券的價格,

𝑛 ≥ 1。常見的價格預測方式為價格比𝑆(𝑛)/𝑆(𝑛 − 1), 𝑛 ≥ 1，為
independent and identical distributed lognormal random

variables。假設其𝜇 = 0.0165，𝜎 = 0.0730，是求以下的機率:

(1)證券價格在未來兩周內都會增長

(2)兩週後的價格高於今天的價格

21
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Solution:

(1) 證券價格在未來兩周內都會增長

令𝑍為standard normal random variable，為了解第一題，我們可以
利用題目的線索，也就是持續增長，亦即log(𝑥)必須隨著𝑥增加而增
加，所以𝑥必須大於1，也可以表示為 log 𝑥 > log 1 ⇒ log(𝑥) −
log(1) > 0。

𝑃
𝑆 1

𝑆 0
> 1 = 𝑃 log

𝑆 1

𝑆 0
> 0 = 𝑃 𝑍 >

0 − 0.0165

0.0730

= 𝑃 𝑍 < 0.2260 = 0.5894; 𝑒𝑎𝑐ℎ 𝑜𝑓 𝑛𝑒𝑥𝑡 𝑡𝑤𝑜 𝑤𝑒𝑒𝑘𝑠 = 0.5894 2

= 0.3474 22
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(2)兩週後的價格高於今天的價格

𝑃
𝑆 2

𝑆 0
> 1 = 𝑃

𝑆 2

𝑆 1

𝑆 1

𝑆 0
> 1 = 𝑃 log

𝑆 2

𝑆 1
+ log

𝑆 1

𝑆 0
> 0

這就可以視為兩個independent normal random variable相加，所以相
加後的normal random variable (𝜇 = 0.0165 + 0.0165 = 0.0330, 𝜎2 =
2 × 0.0730 2)

𝑃
𝑆 2

𝑆 0
> 1 = 𝑃 𝑍 >

0 − 0.0330

0.0730 2
= 𝑃 𝑍 < 0.31965 = 0.6254
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• 範例四

如果𝑋與𝑌為independent Poisson random variable，其參數分別為𝜆1與
𝜆2，是求出𝑋 + 𝑌的𝑝.𝑚. 𝑓.:

Solution:

我們可以假設{𝑋 + 𝑌 = 𝑛}，也可以拆成 𝑋 = 𝑘, 𝑌 = 𝑛 − 𝑘 , 0 ≤ 𝑘 ≤ 𝑛，則

𝑃 𝑋 + 𝑌 = 𝑛 = 

𝑘=0

𝑛

𝑃 𝑋 = 𝑘, 𝑌 = 𝑛 − 𝑘 = 

𝑘=0

𝑛

𝑃 𝑋 = 𝑘 𝑃{𝑌 = 𝑛 − 𝑘}

= 

𝑘=0

𝑛

𝑒−𝜆1
𝜆1
𝑘

𝑘!
𝑒−𝜆2

𝜆2
𝑛−𝑘

(𝑛 − 𝑘)!
= 𝑒−(𝜆1+𝜆2)

𝑘=0

𝑛
𝜆1
𝑘𝜆2

𝑛−𝑘

𝑘! 𝑛 − 𝑘 !
24

Sums of Independent Random Variables
Poisson and Binomial Distribution



= 

𝑘=0

𝑛

𝑒−𝜆1
𝜆1
𝑘

𝑘!
𝑒−𝜆2

𝜆2
𝑛−𝑘

(𝑛 − 𝑘)!
= 𝑒−(𝜆1+𝜆2)

𝑘=0

𝑛
𝜆1
𝑘𝜆2

𝑛−𝑘

𝑘! 𝑛 − 𝑘 !

=
𝑒−(𝜆1+𝜆2)

𝑛!


𝑘=0

𝑛
𝑛!

𝑘! 𝑛 − 𝑘 !
𝜆1
𝑘𝜆2

𝑛−𝑘 =
𝑒−(𝜆1+𝜆2)

𝑛!


𝑘=0

𝑛
𝑛
𝑘

𝜆1
𝑘𝜆2

𝑛−𝑘

=
𝑒− 𝜆1+𝜆2

𝑛!
𝜆1 + 𝜆2

𝑛

故𝑋 + 𝑌為一個Poisson distribution (𝜆1 + 𝜆2)

25
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• 範例五

如果𝑋與𝑌為independent binomial random variables，其參數分別
為(𝑛, 𝑝)與(𝑚, 𝑝)，試問𝑋 + 𝑌的𝑝.𝑚. 𝑓.為何?

Solution:

𝑋 + 𝑌的binomial random variable的參數為(𝑛 +𝑚, 𝑝)，故:

𝑃 𝑋 + 𝑌 =

𝑖=0

𝑛

𝑃 𝑋 = 𝑖, 𝑌 = 𝑘 − 𝑖 =

𝑖=0

𝑛

𝑃 𝑋 = 𝑖 𝑃{𝑌 = 𝑘 − 𝑖}

=

𝑖=0

𝑛
𝑛
𝑖
𝑝𝑖𝑞𝑛−𝑖

𝑚
𝑘 − 𝑖

𝑝𝑘−𝑖𝑞𝑚−𝑘+𝑖 ,
26
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𝑃 𝑋 + 𝑌 =

𝑖=0

𝑛
𝑛
𝑖
𝑝𝑖𝑞𝑛−𝑖

𝑚
𝑘 − 𝑖

𝑝𝑘−𝑖𝑞𝑚−𝑘+𝑖

= 𝑝𝑖+𝑘−𝑖𝑞𝑛−𝑖+𝑚−𝑘+𝑖

𝑖=0

𝑛
𝑛
𝑖

𝑚
𝑘 − 𝑖

= 𝑝𝑘𝑞𝑛+𝑚−𝑘

𝑖=0

𝑛
𝑛
𝑖

𝑚
𝑘 − 𝑖

⇒ 𝑃 𝑋 + 𝑌 = 𝑝𝑘𝑞𝑛+𝑚−𝑘

𝑖=0

𝑛
𝑛
𝑖

𝑚
𝑘 − 𝑖

𝑠𝑖𝑛𝑐𝑒 𝑃 𝑋 + 𝑌 ~𝑏𝑖𝑛𝑜𝑚𝑖𝑎𝑙 𝑛 + 𝑚, 𝑘 , 𝑡ℎ𝑢𝑠 ⇒



𝑖=0

𝑛
𝑛
𝑖

𝑚
𝑘 − 𝑖

=
𝑛 +𝑚
𝑘

27
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• 範例六

令𝑋1, … , 𝑋𝑛為independent geometric random variables，且其機率
為𝑝𝑖 𝑓𝑜𝑟 𝑖 = 1,… , 𝑛。試問𝑆𝑛 = σ𝑖=1

𝑛 𝑋𝑖的𝑝.𝑚. 𝑓.為何?

Solution:

我們可以試想一個投擲硬幣的情境，𝑋𝑛就可以想做有𝑛枚硬幣，針
對第𝑖枚硬幣出現正面的機率為𝑝𝑖，於是乎𝑆𝑛 = σ𝑖=1

𝑛 𝑋𝑖就可以被當
作投擲了𝑛次正面的機率，所以就可以被視為negative binomial

random variable。

𝑃 𝑆𝑛 = 𝑘 =
𝑘 − 1
𝑛 − 1

𝑝𝑛 1 − 𝑝 𝑘−𝑛, 𝑘 ≥ 𝑛

28
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𝑃 𝑆𝑛 = 𝑘 =
𝑘 − 1
𝑛 − 1

𝑝𝑛 1 − 𝑝 𝑘−𝑛, 𝑘 ≥ 𝑛

為了歸納其𝑆𝑛的𝑝.𝑚. 𝑓.，假設所有的𝑝𝑖都不一樣。我們先考慮𝑛 = 2的情形，
令𝑞𝑗 = 1 − 𝑝𝑗 , 𝑗 = 1,2，則

𝑃 𝑆2 = 𝑘 = 

𝑗=1

𝑘−1

𝑃{𝑋1 = 𝑗, 𝑋2 = 𝑘 − 𝑗} = 

𝑗=1

𝑘−1

𝑃 𝑋1 = 𝑗 𝑃 𝑋2 = 𝑘 − 𝑗

= 

𝑗=1

𝑘−1

𝑝1𝑞1
𝑗−1

𝑝2𝑞2
𝑘−𝑗−1

= 𝑝1𝑝2𝑞2
𝑘−2

𝑗=1

𝑘−1
𝑞1

𝑞2

𝑗−1

= 𝑝1𝑝2𝑞2
𝑘−2

1 − 𝑞1/𝑞2
𝑘−1

1 − 𝑞1/𝑞2
= 𝑝1𝑝2𝑞2

𝑘−2𝑞2
1 − 𝑞1/𝑞2

𝑘−1

𝑞2 − 𝑞1 29
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𝑃 𝑆2 = 𝑘 = 𝑝1𝑝2𝑞2
𝑘−2𝑞2

1 − 𝑞1/𝑞2
𝑘−1

𝑞2 − 𝑞1
= 𝑝1𝑝2𝑞2

𝑘−1
1 − 𝑞1/𝑞2

𝑘−1

𝑞2 − 𝑞1

=
𝑝1𝑝2𝑞2

𝑘−1

𝑞2 − 𝑞1
−
𝑝1𝑝2𝑞2

𝑘−1 𝑞1
𝑞2

𝑘−1

𝑞2 − 𝑞1
=
𝑝1𝑝2𝑞2

𝑘−1

𝑞2 − 𝑞1
−
𝑝1𝑝2𝑞1

𝑘−1

𝑞2 − 𝑞1

= 𝑝2𝑞2
𝑘−1

𝑝1
𝑞2 − 𝑞1

− 𝑝1𝑞1
𝑘−1

𝑝2
𝑞2 − 𝑞1

= 𝑝2𝑞2
𝑘−1

𝑝1
𝑝1 − 𝑝2

− 𝑝1𝑞1
𝑘−1

𝑝2
𝑝1 − 𝑝2

= 𝑝2𝑞2
𝑘−1

𝑝1
𝑝1 − 𝑝2

+ 𝑝1𝑞1
𝑘−1

𝑝2
𝑝2 − 𝑝1 30
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那如果是𝑛 = 3的時候，𝑃{𝑆3 = 𝑘}，

𝑃 𝑆3 = 𝑘 = 

𝑗=1

𝑘−1

𝑃{𝑆2 = 𝑗, 𝑋3 = 𝑘 − 𝑗} = 

𝑗=1

𝑘−1

𝑃 𝑆2 = 𝑗 𝑃{𝑋3 = 𝑘 − 𝑗}

= 𝑝1𝑞1
𝑘−1

𝑝2
𝑝2 − 𝑝1

𝑝3
𝑝3 − 𝑝1

+ 𝑝2𝑞2
𝑘−1

𝑝1
𝑝1 − 𝑝2

𝑝3
𝑝3 − 𝑝2

+ 𝑝3𝑞3
𝑘−1

𝑝1
𝑝1 − 𝑝3

𝑝2
𝑝2 − 𝑝3
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根據剛剛的規律，我們可以得出一個新的proposition。

• Proposition 2

Let 𝑋1, … , 𝑋𝑛 為 independent geometric random variables, with

𝑋𝑖 having parameters 𝑝𝑖, for 𝑖 = 1,… , 𝑛. If all the 𝑝𝑖 are distinct,

then , for 𝑘 ≥ 𝑛,

𝑃{𝑆𝑛 = 𝑘} =

𝑖=1

𝑛

𝑝𝑖𝑞𝑖
𝑘−1ෑ

𝑗≠𝑖

𝑝𝑗

𝑝𝑗 − 𝑝𝑖
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• 給定任何兩個事件𝐸與𝐹，則𝐹成立前提下𝐸所發生的條件機率
(conditional probability)為:

𝑃(𝐸|𝐹) =
𝑃 𝐸𝐹

𝑃 𝐹
, 𝑤ℎ𝑒𝑟𝑒 𝑃(𝐹) > 0

• 當今天有兩個discrete random variable 𝑋與𝑌，在𝑌成立前提下𝑋
發生的𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑎𝑙 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑚𝑎𝑠𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛為

𝑝𝑋|𝑌 𝑥 𝑦 = 𝑃 𝑋 = 𝑥 𝑌 = 𝑦 =
𝑃 𝑋 = 𝑥, 𝑌 = 𝑦

𝑃 𝑌 = 𝑦
=
𝑝 𝑥, 𝑦

𝑝𝑌 𝑦
,

𝑤ℎ𝑒𝑟𝑒 𝑝𝑌 > 0
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• 那計算在𝑌成立前提下𝑋發生的𝑐𝑢𝑚𝑢𝑙𝑎𝑡𝑖𝑣𝑒 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑎𝑙 𝑝.𝑚. 𝑓.為

𝐹𝑋|𝑌 𝑥 y = 𝑃 𝑋 ≤ 𝑥, 𝑌 ≤ 𝑦 = 

𝑎≤𝑥

𝑝𝑋|𝑌(𝑎|𝑦)

• 如果𝑋與𝑌相互獨立的話，

𝑝𝑋|𝑌 𝑥 𝑦 = 𝑃 𝑋 = 𝑥 𝑌 = 𝑦 =
𝑃 𝑋 = 𝑥, 𝑌 = 𝑦

𝑃 𝑌 = 𝑦
=
𝑃 𝑋 = 𝑥 𝑃{𝑌 = 𝑦}

𝑃 𝑌 = 𝑦
= 𝑃{𝑋 = 𝑥}
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• 範例七

令𝑝(𝑥, 𝑦)為𝑋與𝑌的𝑗𝑜𝑖𝑛𝑡 𝑝.𝑚. 𝑓.，
𝑝 0,0 = 0.4; 𝑝 0,1 = 0.2; 𝑝 1,0 = 0.1; 𝑝(1,1) = 0.3

請問𝑌 = 1的前提下𝑋發生的𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑎𝑙 𝑝.𝑚. 𝑓.為何?

Solution:

𝑝𝑌 1 =

𝑥

𝑝 𝑥, 1 = 𝑝 0,1 + 𝑝 1,1 = 0.2 + 0.3 = 0.5

𝑝𝑋|𝑌 0 1 =
𝑝 0,1

𝑝𝑌 1
=
2

5
; 𝑝𝑋|𝑌 1 1 =

𝑝 1,1

𝑝𝑌 1
=
3

5
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• 範例八

假設𝑋與𝑌皆為independent Poisson random variables，其參數分別為𝜆1與
𝜆2，試問在𝑋 + 𝑌 = 𝑛的前提下𝑋的conditional probability為何?

Solution:

本題要計算𝑋 + 𝑌 = 𝑛前提下𝑋的conditional probability mass function。

𝑃{𝑋 = 𝑘 | 𝑋 + 𝑌 = 𝑛} =
𝑃 𝑋 = 𝑘, 𝑋 + 𝑌 = 𝑛

𝑃 𝑋 + 𝑌 = 𝑛
=
𝑃 𝑋 = 𝑘, 𝑌 = 𝑛 − 𝑘

𝑃 𝑋 + 𝑌 = 𝑛

=
𝑃 𝑋 = 𝑘 𝑃 𝑌 = 𝑛 − 𝑘

𝑃 𝑋 + 𝑌 = 𝑛
=
𝑒−𝜆1𝜆1

𝑘

𝑘!

𝑒−𝜆2𝜆2
𝑛−𝑘

(𝑛 − 𝑘)!

𝑒− 𝜆1+𝜆2 𝜆1 + 𝜆2
𝑛

𝑛!

−1

36

Conditional Distributions: Discrete Case



𝑃{𝑋 = 𝑘 | 𝑋 + 𝑌 = 𝑛} =
𝑒−𝜆1𝜆1

𝑘

𝑘!

𝑒−𝜆2𝜆2
𝑛−𝑘

𝑛 − 𝑘 !

𝑒− 𝜆1+𝜆2 𝜆1 + 𝜆2
𝑛

𝑛!

−1

=
𝑛!

𝑛 − 𝑘 ! 𝑘!

𝜆1
𝑘𝜆2

𝑛−𝑘

𝜆1 + 𝜆2
𝑛
=

𝑛
𝑘

𝜆1
𝜆1 + 𝜆2

𝑘
𝜆1

𝜆1 + 𝜆2

𝑛−𝑘

The conditional distribution of 𝑋 given that 𝑋 + 𝑌 = 𝑛 is the 

binomial distribution with parameters 𝑛 and 
𝜆1

𝜆1+𝜆2
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• 如果𝑋與𝑌的joint probability density function為𝑓(𝑥, 𝑦)，則在給定
𝑌 = 𝑦的前提下𝑋的conditional probability density function可以被定
義，對於每一個𝑦其𝑓𝑌(𝑦) > 0，

𝑓𝑋+𝑌 𝑥 𝑦 𝑑𝑥 =
𝑓 𝑥, 𝑦 𝑑𝑥𝑑𝑦

𝑓𝑌 𝑦 𝑑𝑦
≈
𝑃 𝑥 ≤ 𝑋 ≤ 𝑥 + 𝑑𝑥, 𝑦 ≤ 𝑌 ≤ 𝑦 + 𝑑𝑦

𝑃 𝑦 ≤ 𝑦 ≤ 𝑦 + 𝑑𝑦
= 𝑃 𝑥 ≤ 𝑋 ≤ 𝑥 + 𝑑𝑥|𝑦 ≤ 𝑌 ≤ 𝑦 + 𝑑𝑦

• 如果𝑋與𝑌是jointly continuous random variable，則對於任何集合𝐴

𝑃 𝑋 ∈ 𝐴 𝑌 = 𝑦 = න
𝐴

𝑓𝑋|𝑌 𝑥 𝑦 𝑑𝑥
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• Let 𝐴 = (−∞, 𝑎]，則在給定𝑌 = 𝑦前提下𝑋的conditional 

cumulative distribution function為

𝐹𝑋+𝑌 𝑎 𝑦 ≡ 𝑃 𝑋 ≤ 𝑎 𝑌 = 𝑦 = න
−∞

𝑎

𝑓𝑋+𝑌 𝑥 𝑦 𝑑𝑥
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• 範例九

𝑋與𝑌的joint density function為

𝑓 𝑥, 𝑦 = ቐ
12

5
𝑥 2 − 𝑥 − 𝑦 0 < 𝑥 < 1,0 < 𝑦 < 1

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

計算𝑌 = 𝑦前提下𝑋的conditional density為何?

Solution:

𝑓𝑋+𝑌 𝑥 𝑦 =
𝑓 𝑥, 𝑦

𝑓𝑌 𝑦
=

𝑓 𝑥, 𝑦

∞−
∞
𝑓 𝑥, 𝑦 𝑑𝑥

=
𝑥 2 − 𝑥 − 𝑦

0
1
𝑥 2 − 𝑥 − 𝑦 𝑑𝑥

=
𝑥 2 − 𝑥 − 𝑦

2
3
−
𝑦
2

=
6𝑥 2 − 𝑥 − 𝑦

4 − 3𝑦
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• 範例十

假設𝑋與𝑌的joint density function為

𝑓 𝑥, 𝑦 =
𝑒
−
𝑥
𝑦𝑒−𝑦

𝑦
0 < 𝑥 < ∞, 0 < 𝑦 < ∞

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

試問𝑃{𝑋 > 1|𝑌 = 𝑦}。

Solution:

𝑓𝑋+𝑌 𝑥 𝑦 =
𝑓 𝑥, 𝑦

𝑓𝑌 𝑦
=

𝑒
−
𝑥
𝑦𝑒−𝑦

𝑦

𝑒−𝑦 0
∞ 1
𝑦 𝑒

−
𝑥
𝑦 𝑑𝑥

=
1

𝑦
𝑒
−
𝑥
𝑦
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𝑓𝑋+𝑌 𝑥 𝑦 =
𝑓 𝑥, 𝑦

𝑓𝑌 𝑦
=

𝑒
−
𝑥
𝑦𝑒−𝑦

𝑦

𝑒−𝑦 0
∞ 1
𝑦 𝑒

−
𝑥
𝑦 𝑑𝑥

=
1

𝑦
𝑒
−
𝑥
𝑦

Hence,

𝑃 𝑋 > 1 𝑌 = 𝑦 = න
1

∞ 1

𝑦
𝑒
−
𝑥
𝑦 𝑑𝑥 = −𝑒

−
𝑥
𝑦 ฬ
∞
1
= 𝑒

−
1
𝑦
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If 𝑋 and 𝑌 are independent continuous random variables, the

conditional density of 𝑋 given that 𝑌 = 𝑦 is just the unconditional

density of 𝑋. This is so because, in the independent case,

𝑓𝑋+𝑌 𝑥 𝑦 =
𝑓 𝑥, 𝑦

𝑓𝑌 𝑦
=
𝑓𝑋 𝑥 𝑓𝑌 𝑦

𝑓𝑌 𝑦
= 𝑓𝑋(𝑥)
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• Let 𝑋1, 𝑋2, … , 𝑋𝑛 be 𝑛 independent and identically distributed

continuous random variables having a common density 𝑓 and

distribution function 𝐹. Define

𝑋(1) = 𝑠𝑚𝑎𝑙𝑙𝑒𝑠𝑡 𝑜𝑓 𝑋1, 𝑋2, … , 𝑋𝑛
𝑋(2) = 𝑠𝑒𝑐𝑜𝑛𝑑 𝑠𝑚𝑎𝑙𝑙𝑒𝑠𝑡 𝑜𝑓 𝑋1, 𝑋2, … , 𝑋𝑛

⋮
𝑋(𝑗) = 𝑗𝑡ℎ 𝑠𝑚𝑎𝑙𝑙𝑒𝑠𝑡 𝑜𝑓 𝑋1, 𝑋2, … , 𝑋𝑛

⋮
𝑋(𝑛) = 𝑙𝑎𝑟𝑔𝑒𝑠𝑡 𝑜𝑓 𝑋1, 𝑋2, … , 𝑋𝑛
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• The ordered values 𝑋(1), 𝑋(2), … , 𝑋(𝑛) are known as the order

statistics corresponding to the random variables 𝑋1, 𝑋2, … , 𝑋𝑛. In

other words, 𝑋(1), 𝑋(2), … , 𝑋(𝑛) are the ordered values of

𝑋1, 𝑋2, … , 𝑋𝑛.

• The joint density function of the ordered statistics is obtained by

noting that the order statistics 𝑋(1), 𝑋(2), … , 𝑋(𝑛) will take on the

values 𝑥1 ≤ 𝑥2 ≤ ⋯ ≤ 𝑥𝑛 if and only if, for some permutation

(𝑖1, 𝑖2, … , 𝑖𝑛) of (1,2,… , 𝑛),
𝑋1 = 𝑥𝑖1 , 𝑋2 = 𝑥𝑖2 , … , 𝑋𝑛 = 𝑥𝑖𝑛
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• Since, for any permutation (𝑖1, 𝑖2, … , 𝑖𝑛) of (1,2,… , 𝑛),

𝑃 𝑥𝑖1 −
𝜀

2
< 𝑋1 < 𝑥𝑖1 +

𝜀

2
, … , 𝑥𝑖𝑛 −

𝜀

2
< 𝑋𝑛 < 𝑥𝑖𝑛 +

𝜀

2
≈ 𝜀𝑛𝑓𝑋1, …𝑋𝑛 𝑥𝑖1 , … 𝑥𝑖𝑛 = 𝜀𝑛𝑓 𝑥𝑖1 …𝑓 𝑥𝑖𝑛 = 𝜀𝑛𝑓 𝑥𝑖 …𝑓 𝑥𝑛

It follows that, for 𝑥1 < 𝑥2 < ⋯ < 𝑥𝑛,

𝑃 𝑥1 −
𝜀

2
< 𝑋 1 < 𝑥1 +

𝜀

2
, … , 𝑥𝑛 −

𝜀

2
< 𝑋(𝑛) < 𝑥𝑛 +

𝜀

2
≈ 𝑛! 𝜀𝑛𝑓 𝑥1 …𝑓(𝑥𝑛)

Dividing by 𝜀𝑛 and letting 𝜀 → 0 yields

𝜀𝑛𝑓𝑋(1) , … ,𝑋 𝑛
𝑥1, … 𝑥𝑛 = 𝑛! 𝜀𝑛𝑓 𝑥1 …𝑓 𝑥𝑛

𝑓𝑋(1) , … ,𝑋 𝑛
𝑥1, … 𝑥𝑛 = 𝑛! 𝑓 𝑥1 …𝑓 𝑥𝑛 , 𝑥1 < 𝑥2 < ⋯ < 𝑥𝑛 46
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• 範例十一

有3個人隨機位在(distributed at random)一條1公里的道路上，試

問: 不存在任兩人相距小於𝑑公里(𝑑 <
1

2
)的機率。

Solution:

distributed at random這句話可以當作independent and uniformly 

distributed。令𝑋𝑖為第𝑖個人在這條道路上的位置，我們要求的機率
就可以表示為𝑃{𝑋(𝑖) > 𝑋(𝑖−1) + 𝑑, 𝑖 = 2,3}

𝑓𝑋 1 ,𝑋 2 ,𝑋 3
𝑥1, 𝑥2, 𝑥3 = 3!, 0 < 𝑥1 < 𝑥2 < 𝑥3 < 1
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𝑃 𝑋 𝑖 > 𝑋 𝑖−1 + 𝑑, 𝑖 = 2,3 =ම
𝑥𝑖>𝑥𝑗−1+𝑑

𝑓𝑋 1 ,𝑋 2 ,𝑋 3
(𝑥1, 𝑥2, 𝑥3) 𝑑𝑥1𝑑𝑥2𝑑𝑥3

= 3!න
0

1−2𝑑

න
𝑥1+𝑑

1−𝑑

න
𝑥2+𝑑

1

𝑑𝑥3𝑑𝑥2𝑑𝑥1 = 6න
0

1−2𝑑

න
𝑥1+𝑑

1−𝑑

(1 − 𝑥2 − 𝑑)𝑑𝑥2𝑑𝑥1

𝑙𝑒𝑡 1 − 𝑥2 − 𝑑 = 𝑦2

= 6න
0

1−2𝑑

න
0

1−𝑑− 𝑥1+𝑑 =1−2𝑑−𝑥1

𝑦2𝑑𝑦2𝑑𝑥1 = 3න
0

1−2𝑑

1 − 2𝑑 − 𝑥1
2𝑑𝑥1

= 3න
0

1−2𝑑

𝑦1
2𝑑𝑦1 = 1 − 2𝑑 3 ⇒ 𝑖𝑓 𝑡ℎ𝑒𝑟𝑒 𝑎𝑟𝑒 𝑛 𝑝𝑒𝑜𝑝𝑙𝑒, … 1 − 𝑛 − 1 𝑑 𝑛, 𝑤ℎ𝑒𝑟𝑒 𝑑 <

1

𝑛 − 1
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• The density function of the 𝑗 − 𝑡ℎ-order statistics 𝑋(𝑗) can be obtained

either by integrating the joint density function (pp.49) or by direct
reasoning as follows: In order for 𝑋(𝑗) to equal 𝑥, it is necessary for 𝑗 −
1 of the 𝑛 values 𝑋1, … , 𝑋𝑛 to be less than 𝑥, 𝑛 − 𝑗 of them to be greater
than 𝑥, and 1 of them to equal 𝑥.

• Now, the probability density that any given set of 𝑗 − 1 of the 𝑋𝑖 ’𝑠 are
less than 𝑥, another given set of 𝑛 − 𝑗 are all greater than 𝑥, and the
remaining value is equal to 𝑥 equals.

𝐹 𝑥 𝑗−1[1 − 𝐹 𝑥 𝑛−𝑗]𝑓(𝑥)

Therefore, 
𝑛

𝑗 − 1, 𝑛 − 𝑗, 1 =
𝑛!

𝑛 − 𝑗 ! 𝑗 − 1 ! 49
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• Different partitions of the 𝑛 random variables 𝑋1, …𝑋𝑛 into the 

preceding three groups, it follows that the density function of 

𝑋(𝑗) is given by

𝑓𝑋 𝑗
𝑥 =

𝑛!

𝑛 − 𝑗 ! 𝑗 − 1 !
𝐹 𝑥 𝑗−1[1 − 𝐹 𝑥 𝑛−𝑗]𝑓(𝑥)
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• 範例十二

如果今天有一個樣本含有2𝑛 + 1個 random variables (2𝑛 + 1
independent and identically distributed random variables)，則第
𝑛 + 1小的稱為sample median。假設今天樣本大小為3，且為

uniform distribution over (0,1)，試問: sample median落在
1

4
與

3

4
之

間的機率為何?
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Solution:

根據pp.51所導出來的公式得知𝑋 2

𝑓𝑋 2
𝑥 =

3!

1! 1!
𝑥 1 − 𝑥 , 0 < 𝑥 < 1

H𝑒𝑛𝑐𝑒,

𝑃
1

4
< 𝑋 2 <

3

4
= 6න

1/4

3/4

𝑥(1 − 𝑥) 𝑑𝑥 = 6
𝑥2

2
−
𝑥3

3
ቤ
𝑥 = 3/4
𝑥 = 1/4

=
11

16
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𝑇ℎ𝑒 𝑐. 𝑑. 𝑓. 𝑜𝑓 𝑋(𝑗) 𝑐𝑎𝑛 𝑏𝑒 𝑓𝑜𝑢𝑛𝑑 𝑏𝑦 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑝𝑝. 51 𝑓𝑜𝑟𝑚𝑢𝑙𝑎

𝐹𝑋 𝑗
𝑦 =

𝑛!

𝑛 − 𝑗 ! 𝑗 − 1 !
න
−∞

𝑦

𝐹 𝑥 𝑗−1 1 − 𝐹 𝑥 𝑛−𝑗𝑓 𝑥 𝑑𝑥

𝐹𝑋 𝑗
𝑦 = 𝑃 𝑋 𝑗 ≤ 𝑦 = 𝑃 𝑗 𝑜𝑟 𝑚𝑜𝑟𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑋𝑖 ′𝑠 𝑎𝑟𝑒 ≤ 𝑦

=

𝑘=𝑗

𝑛
𝑛
𝑘

𝐹(𝑦) 𝑘 1 − 𝐹(𝑦) 𝑛−𝑘

𝑊𝑒 𝑡𝑎𝑘𝑒 𝐹 𝑡𝑜 𝑏𝑒 𝑡ℎ𝑒 𝑢𝑛𝑖𝑓𝑜𝑟𝑚 0,1 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 𝑡ℎ𝑎𝑡 𝑖𝑠, 𝑓 𝑥 = 1, 0 < 𝑥 < 1 ,
𝑡ℎ𝑒𝑛 𝑤𝑒 𝑜𝑏𝑡𝑎𝑖𝑛 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑒𝑠𝑡𝑖𝑛𝑔 𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑦



𝑘=𝑗

𝑛
𝑛
𝑘

𝑦𝑘(1 − 𝑦)𝑛−𝑘 =
𝑛!

𝑛 − 𝑗 ! 𝑗 − 1 !
න
0

𝑦

𝑥𝑗−1 1 − 𝑥 𝑛−𝑗𝑑𝑥 , 𝑤ℎ𝑒𝑟𝑒 0 ≤ 𝑦 ≤ 1
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Referring to pp.51

𝑓𝑋 𝑗
𝑥 =

𝑛!

𝑛 − 𝑗 ! 𝑗 − 1 !
𝐹 𝑥 𝑗−1[1 − 𝐹 𝑥 𝑛−𝑗]𝑓(𝑥)

We can obtain…

𝑓𝑋 𝑖 ,𝑋 𝑗
𝑥𝑖 , 𝑥𝑗

=
𝑛!

𝑖 − 1 ! 𝑗 − 𝑖 − 1 ! 𝑛 − 𝑗 !
𝐹 𝑥𝑖

𝑖−1 × 𝐹 𝑥𝑗 − 𝐹 𝑥𝑖
𝑗−𝑖−1

1 − 𝐹 𝑥𝑗
𝑛−𝑗

𝑓 𝑥𝑖 𝑓 𝑥𝑗

𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥𝑖 < 𝑥𝑗
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• Let 𝑋1 and 𝑋2 be jointly continuous random variables with joint

probability density function 𝑓𝑋1,𝑋2. It is sometimes necessary to

obtain the joint distribution of the random variables 𝑌1 and 𝑌2,

which arise as functions of 𝑋1 and 𝑋2. Specifically, suppose that

𝑌1 = 𝑔1(𝑋1, 𝑋2) and 𝑌2 = 𝑔2(𝑋1, 𝑋2) for some functions 𝑔1 and 𝑔2.
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• Assume that the functions 𝑔1 and 𝑔2 satisfy the following

conditions:

1. The equations 𝑦1 = 𝑔1(𝑥1, 𝑥2) and 𝑦2 = 𝑔2(𝑥1, 𝑥2) can be uniquely

solved for 𝑥1 and 𝑥2 in terms of 𝑦1 and 𝑦2, with solutions given by,

say, 𝑥1 = ℎ1(𝑦1, 𝑦2), 𝑥2 = ℎ2(𝑦1, 𝑦2).

2. The functions 𝑔1 and 𝑔2 have continuous partial derivatives at all

points (𝑥1, 𝑥2) and are such that the 2 × 2 determinant.
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𝐽 𝑥1, 𝑥2 =

𝜕𝑔1
𝜕𝑥1

𝜕𝑔1
𝜕𝑥2

𝜕𝑔2
𝜕𝑥1

𝜕𝑔2
𝜕𝑥2

≡
𝜕𝑔1
𝜕𝑥1

𝜕𝑔2
𝜕𝑥2

−
𝜕𝑔1
𝜕𝑥2

𝜕𝑔2
𝜕𝑥1

≠ 0, 𝑎𝑡 𝑎𝑙𝑙 𝑝𝑜𝑖𝑛𝑡 (𝑥1, 𝑥2)

• Under these two conditions, it can be shown that the random variables 𝑌1
and 𝑌2 are jointly continuous with joint density function given by

𝑓𝑌1𝑌2 𝑦1, 𝑦2 = 𝑓𝑋1,𝑋2 𝑥1, 𝑥2 𝐽 𝑥1, 𝑥2
−1, 𝑤ℎ𝑒𝑟𝑒 𝑥1 = ℎ1 𝑦1, 𝑦2 , 𝑥2 = ℎ2(𝑦1, 𝑦2)

• A proof of above equation would proceed along the following lines

𝑃{𝑌1 ≤ 𝑦1, 𝑌2 ≤ 𝑦2} = ඵ 𝑥1,𝑥2 :

𝑔1 𝑥1,𝑥2 ≤𝑦1
𝑔2 𝑥1,𝑥2 ≤𝑦2

𝑓𝑋1,𝑋2 𝑥1, 𝑥2 𝑑𝑥1𝑑𝑥2

59

Joint Probability Distribution of Functions 
of Random Variables



• 範例十三

Let 𝑋1 and 𝑋2 be joint continuous random variables with probability

density function 𝑓𝑋1,𝑋2. Let 𝑌1 = 𝑋1 + 𝑋2, 𝑌2 = 𝑋1 − 𝑋2. Find the joint

density function of 𝑌1 and 𝑌2 in terms of 𝑓𝑋1,𝑋2 .

Solution:

𝐿𝑒𝑡 𝑔1 𝑥1, 𝑥2 = 𝑥1 + 𝑥2 𝑎𝑛𝑑 𝑔2 𝑥1, 𝑥2 = 𝑥1 − 𝑥2.

𝐽 𝑥1, 𝑥2 =
1 1
1 −1

= −2
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Also, since the equations 𝑦1 = 𝑥1 + 𝑥2 and 𝑦2 = 𝑥1 − 𝑥2 have

𝑥1 = 𝑦1 + 𝑦2 /2, 𝑥2 = 𝑦1 − 𝑦2 /2 as their solution, it follows from

𝑓𝑌1𝑌2 𝑦1, 𝑦2 = 𝑓𝑋1,𝑋2 𝑥1, 𝑥2 𝐽 𝑥1, 𝑥2
−1, 𝑤ℎ𝑒𝑟𝑒𝐽 𝑥1, 𝑥2 = −2

Then

𝑓𝑌1𝑌2 𝑦1, 𝑦2 =
1

2
𝑓𝑋1,𝑋2

𝑦1 + 𝑦2
2

,
𝑦1 − 𝑦2

2

For instance, if 𝑋1 and 𝑋2 are independent uniform (0,1) random

variables, then

𝑓𝑌1𝑌2 𝑦1, 𝑦2 = ൝
1

2
0 ≤ 𝑦1 + 𝑦2 ≤ 2,0 ≤ 𝑦1 − 𝑦2 ≤ 2
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Or if 𝑋1 and 𝑋2 are independent exponential random variables with 

respective parameters 𝜆1 and 𝜆2, then

𝑓𝑌1𝑌2 𝑦1, 𝑦2

= ቐ
𝜆1𝜆2
2

exp{−𝜆1
𝑦1 + 𝑦2

2
− 𝜆2

𝑦1 − 𝑦2
2

} 𝑦1 + 𝑦2 ≥ 0, 𝑦1 − 𝑦2 ≥ 0

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

Finally, if 𝑋1 and 𝑋2 are independent standard normal random variables, 

then

𝑓𝑌1𝑌2 𝑦1, 𝑦2 =
1

4𝜋
𝑒
−

𝑦1+𝑦2
2

8 +
𝑦1−𝑦2

2

8 =
1

4𝜋
𝑒−

𝑦1
2+𝑦2

2

4 =
1

4𝜋
𝑒−

𝑦1
2

4
1

4𝜋
𝑒−

𝑦2
2

4
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• Selected Problems from Sheldon Ross Textbook [1].
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[#12] Assignment

[1] Sheldon Ross. A First of Course in Probability. 8th edition. 
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The End
If you have any questions, please do not hesitate to ask me.

Thank you for your attention ))
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